Abstract-This paper presents a novel technique for analyzing the mode content excited by antennas placed in multimode waveguides. The technique is based on measuring the frequency response between the two antennas coupled into a waveguide and using that information to extract the mode content generated by the transmitting antenna. The technique is applicable to cases in which the mode amplitudes are approximately constant over the frequency range of interest. This method is valuable for determining the mode mix generated by arbitrary transmitting antennas in a multimode waveguide propagation environment. An example of such an environment is heating, ventilation, and air-conditioning (HVAC) ducts used for indoor communications, where an important antenna characteristic is the mode sensitivity (analogous to the antenna directive gain in free space). We validate our technique with the example of a monopole probe antenna coupled into a multimode cylindrical HVAC duct.
I. INTRODUCTION
A N ANTENNA radiating in free space can be characterized by its directive gain, which is a function of angular direction. In waveguides, the only direction of field propagation is along the waveguide and the propagating field can always be decomposed into a finite sum of normal modes. The characteristic analogous to the directive gain is mode sensitivity gain, which can be defined as the power radiated into a given mode, normalized by the average radiated power per mode. Thus, an antenna in a uniform multimode waveguide can be characterized by the waveguide mode distribution that it excites.
The application that stimulated our interest in mode content analysis techniques for antennas in multimode waveguides is indoor communications via heating, ventilation, and air-conditioning (HVAC) ducts. Using the HVAC duct system in buildings for signal distribution is a promising way to provide a high-speed network access to offices [1] . A typical HVAC duct system is a complex network of hollow metal pipes of rectangular or circular cross section, which may extend to hundreds of meters. These pipes behave as multimode waveguides when driven at microwave frequencies. The signal can be coupled into and out of the ducts using coaxially fed antennas mounted on duct walls.
Multimode dispersion and redistribution of energy between different modes in various waveguide system elements can significantly affect the capacity and the signal-to-noise ratio in the waveguide communication system [2] . Therefore, selection of a mode distribution that results in reduced multimode dispersion and minimum attenuation is very important in waveguide communications. Many mode selection techniques are known, but most of them involve modifying the waveguide shape or structure [3] . Desired mode selectivity can also be obtained by varying the antenna parameters. To build an effective waveguide communication system, it is critical to use antennas that excite a desired mode distribution that has favorable propagation characteristics. It is also important to have an ability to measure the mode content excited by the transmitting antenna and traveling in the waveguide.
When experimentally characterizing the performance of various antennas in an HVAC duct system, the mode content must be measured multiple times at various locations in ducts of different diameter. That means that the mode content measurement technique must be simple, efficient, and least destructive to an existing duct system. Moreover, only the modes to which a receiving antenna is the most sensitive directly affect the quality of communication and are important for analysis. This paper describes a novel technique for the mode content analysis that satisfies all of the aforementioned criteria.
The remainder of this paper is organized as follows. Section II covers the previous work in the area of mode content measurement. The novel mode content analysis technique developed by the authors is described in Section III. Section IV presents the validation of the technique. Section V contains the discussion. Conclusions are given in Section VI.
II. PREVIOUS WORK
Existing mode content measurement approaches can be divided into four major groups: scanning the field pattern, using mode-selective couplers, measuring open-end radiation pattern, and array processing. Below, we briefly describe each one separately.
The scanning field pattern technique has been used by many researchers. Forrer and Tomiyuasu [4] used a moving probe to measure the electric-field magnitude and phase at the walls of a waveguide and a Fourier analysis to compute the power flow in each mode. Fixed multiple-probe arrays were used by Price [5] , 0018-9480/03$17.00 © 2003 IEEE Taub [6] , and Levinson and Rubinstein [7] . Klinger [8] used a fixed probe and a moving short termination to measure the multimode content. Glock and van Rienen [9] used a fixed probe, a fixed termination, but moving (adjustable length) waveguide to perform necessary measurements.
Mode-selective coupling has been used by Lewis [10] and Beck [11] , who employed a series of specially designed mode couplers to couple a mode to its own output port. Seguinot et al. [12] used a mode coupling technique for characterizing multimode microstrip lines.
Measuring the radiation pattern of an open-ended waveguide has typically been used in high-power microwave engineering for extracting the mode content of a high-power source (magnetron, gyrotron, etc.) [13] and in application to analysis of waveguide horn antennas [14] .
Array processing involves measuring the signal at the elements of an antenna array mounted on the waveguide and using those measurements for mode content extraction. This method is somewhat similar to the field scanning technique. To achieve good results, antenna locations must be carefully chosen and sometimes even optimized in the process of measurement. An excellent example of using an antenna array for mode measurement is given by Baird et al. [15] . Measurements using a loop antenna oriented at different angles are described in [16] .
All of the techniques described above require a complicated experimental setup and a lengthy process of mode content measurement. Below we describe a novel technique for mode content analysis that requires only one sensing antenna for determining the frequency-averaged mode content in the frequency range of interest. Measurements performed at a few different frequencies provide the necessary information for resolving the mix of several modes. A brief description of this technique has previously appeared in [17] .
III. TECHNIQUE

A. Concept Description
Consider a conceptual setup shown in Fig. 1 : a multimode waveguide with two coaxially fed antennas coupled into it, where one antenna is transmitting, and another antenna is sensing the mode content. Assume that the waveguide is straight and is terminated on both ends with matched loads that prevent end reflections. The mode mix generated by the transmitting antenna is to be determined using the sensing antenna.
The information needed for mode content determination is the frequency response between the two antennas, which can be measured by a network analyzer. Two assumptions critical for our method are: 1) the mode amplitudes excited by the transmitting antenna are weak functions of frequency and 2) the coupling between the waveguide modes and receiving antenna is known and can be calculated.
Fixing a sensing antenna position and sweeping the frequency allows one to obtain independent measurements, somewhat similar to fixing the frequency and moving the antenna along a slit in a waveguide wall. The system frequency response values measured at different points across the band can be used to find a set of approximate mode amplitudes, which best approximate the measured data and are constant over the band. 
B. Details
Assume that modes can propagate in our waveguide (if antennas are sufficiently far apart, evanescent modes can be neglected) and is the unknown -dimensional vector of complex mode amplitudes excited by the transmitting antenna. The frequency response between the transmitting and receiving antennas can be written in terms of as the following scalar product:
where the frequency-dependent vector describes a coupling between the waveguide modes and the sensing (receiving) antenna. If mode amplitudes are weak functions of frequency in the range of interest, they can be approximated as constants as follows: (2) Evaluating at discrete frequency points, we can rewrite (1) as (3) where the -dimensional vector is (4) and the matrix consists of elements . The linear system given by (3) contains unknowns and can be solved for if the number of independent frequency measurement points is greater or equal to the number of modes to be determined.
C. Matrix Calculation
A matrix element represents the coupling of mode excited by the transmitting antenna into the receiving antenna at the frequency . For a generic antenna in a straight waveguide with matched ends, it can be calculated in the following way.
Assume that mode is excited by the transmitting antenna with an amplitude . The amplitude of this mode at the receiving antenna can be found as , where is the waveguide propagation constant of mode and is the distance between the antennas. The field due to this mode induces a current in the receiving antenna, which can be found using a standard microwave technique for probe-waveguide coupling (e.g., see Collin [18] and Pozar [19] ) as (5) where is the normalized power carried by mode in one direction and is the integral that describes the interaction of the normalized current distribution on the antenna surface with the normalized electric field of mode . The current due to mode causes the voltage to appear on the receiving (sensing) antenna, where is the sensing antenna impedance in mode . Taking into account the mismatch between the internal impedance of the network analyzer (and matching coaxial cable) and the total impedance of the sensing antenna , one can write the voltage seen by the network analyzer due to mode as (6) Combining (5) and (6), one can obtain the following expression for matrix elements :
where is the constant that does not depend on the frequency or the mode index . It includes, for example, the effect of mismatch between the network analyzer and transmitting antenna impedances. This effect can be considered to be frequency independent in the band of interest due to our assumption that excited mode amplitudes are weak functions of frequency. The knowledge of constant is not necessary for extracting the relative (normalized) mode distribution.
Quantities , , , , and depend on the frequency and can be calculated for given waveguide cross section and chosen receiving antenna geometry. The analytical formulas for those quantities in a special case of monopole probe antennas in cylindrical waveguides can be obtained from [20] .
D. Requirements
The accuracy of our method is affected by several factors. First, it depends on the degree of variation with frequency of mode amplitudes excited by the transmitting antenna. This variation depends on the waveguide size, operating frequency range, transmitting antenna characteristics, and should be minimal for good extraction results. A necessary condition is that no cutoff frequencies of the analyzed modes must be near or within the frequency range of interest to avoid a strong frequency dependence of mode amplitudes.
Second, the conditioning of (3) is important. The condition number of matrix is a function of distance , the characteristics of the sensing antenna, the chosen set of frequency points, and the set of modes to be extracted. Some waveguide modes may be interacting with the sensing probe antenna very weakly, and an attempt to include those modes into a mode set to be extracted can lead to an ill-conditioned matrix .
Third, the number of independent frequency points must be larger than the maximum number of propagating modes. The spacing distance between the independent frequency points can be estimated from the autocorrelation function of the frequency response defined as (8) where and are the lower and upper frequencies of the band. Note that the number of points used for mode content analysis can be larger than the number of independent frequency points. As long as the rank of the system given by (3) is greater or equal to the number of modes to be extracted, a solution can be found. An overdetermined system actually results in a more accurate solution by providing a better fit of the frequency response.
IV. VALIDATION
A. Setup
To validate our mode extraction technique, we used it for experimental extraction of the mode content excited in a multimode waveguide by an antenna whose mode amplitudes can be calculated theoretically: a monopole probe antenna coupled into a cylindrical waveguide, as shown in Fig. 2 . This type of coupling has been well studied [21] . Typically, a sinusoidal current distribution is assumed on such an antenna, which allows one to calculate mode amplitudes and antenna impedance as functions of waveguide diameter, operating frequency, and monopole length. Note that the monopole antenna excites all modes in phase, which means that mode amplitudes to be extracted are purely real.
For the waveguide, we used straight metal cylindrical HVAC duct of 30.5 cm (12 in) in diameter. This is a typical duct used in the U.S. The conductivity of the duct material (metal) was assumed to be 10 S/m. We performed measurements in the 2.4-2.5-GHz frequency range, which contains the popular unlicensed industrial, scientific, and medical (ISM) band. For 30.5-cm cylindrical ducts, this frequency range allows propagation of 17 modes and does not contain any mode cutoff frequencies. The antennas used were 3.1-cm long (approximately a quarter-wavelength at 2.45 GHz) coaxially fed monopole probes located 9.2 m apart. In the experiment, the distances from the antennas to duct ends were 0.25 and 0.38 m and the duct ends were left open.
In heavily overmoded waveguides, open ends are good approximations to matched load terminations [22] . We determined empirically (by comparing the fit of the model [20] to the data) that, in our case, the reflection coefficient averaged over all modes in the 2.4-2.5-GHz frequency range was on the order of 0.1. Fig. 3 gives theoretically calculated mode distribution excited in this waveguide at 2.45 GHz by this monopole probe (details of calculation are given in [20] ). Note that modes are not excited by the radial vertical monopole because of their circumferential electric field. Fig. 4 shows the system frequency response measured between the antennas. The observed shape of the frequency response depends on the excited mode distribution and the distance between the antennas. Interference between the modes results in maxima and minima (peaks and nulls) with specific widths, depths, and positions. Fig. 5 shows the normalized magnitude of the autocorrelation function computed for a frequency response shown in Fig. 4 . The width of the central peak at the 50% signal correlation level (dashed line) can serve as an estimate for the coherence bandwidth, which gives a spacing between independent frequency points. One can estimate from Fig. 5 that the coherence bandwidth is approximately 4.5 MHz, which means that 22 independent frequency measurements can fit into a 100-MHz band. In the validation case considered here, it can be shown analytically that only the amplitude of mode notably changes over the 2.4-2.5-GHz frequency range. Fig. 6 shows the dependence of magnitudes of excited mode amplitudes on frequency. One can see that, indeed, the amplitude of this mode has a strong frequency dependence. Note that is a higher order mode, whose cutoff frequency of 2.35 GHz is very close to the lower band frequency of 2.4 GHz.
B. Measurements
C. Results
We extracted mode amplitudes for four modes sensed best by the 3.1-cm monopole probe antenna in a 30.5-cm cylindrical waveguide:
, , , and . From reciprocity, those are also the modes most excited by the same antenna when the antenna is transmitting. Table I lists the parameters of these modes: cutoff frequency, group velocity (in terms of the speed of light ), attenuation constant, radiation resistance, and power carried by the mode (in percent of total radiated power).
Linear system given by (3) was solved in MATLAB 1 using the pseudoinverse function for 50 equally spaced frequency points in the 2.4-2.5-GHz band. The rank of the matrix given by the function was 4 (four modes were to be extracted), and the condition number with respect to inversion given by the function was 2.3. Fig. 7 shows the normalized magnitude of theoretically calculated amplitudes of the four aforementioned modes and their values extracted from the measured frequency response using our technique. Theoretical values were averaged over the frequency band. One can see that theoretical and extracted mode amplitudes are in good agreement. The largest relative error is observed for the mode whose interaction with the receiving antenna is weak compared to other modes. Note that the distribution of normalized mode amplitudes presented in Fig. 7 is different from the distribution of mode powers given by Fig. 3 due to the fact that mode power depends not only on the mode amplitude, but also on the power density carried by the mode.
Figs. 8 and 9 show the comparison (magnitude and phase) of the measured frequency response and the frequency response reconstructed using the extracted mode amplitudes. It is mostly the interference between these four most significantly excited modes that determines the specific locations of peaks and nulls in Fig. 8 and the slope of the curve in Fig. 9 . Adding more modes introduces more variations into the frequency response (in the presence of only one mode, the frequency response magnitude would be very flat).
One can see that the measured and reconstructed curves shown in Figs. 8 and 9 are in good agreement. Differences are partially due to the fact that only four modes were used for reconstruction, partially to mode reflections from open ends, and partially to surface and shape imperfections of the HVAC duct used for measurements (dents, junctions between the sections, etc.).
V. DISCUSSION
We observed in our experiments that measured frequency response shape was rather insensitive to the small duct imperfections (dents, etc.), and the mode extraction results were consistent in various experiments that employed physically different duct sections connected together in different order. We also found that setting to be large with respect to wavelength and choosing the modes that interact strongly with the sensing antenna improved the conditioning of matrix and the results of solving (3). Choosing more frequency points than the number of modes to be extracted also helped to improve the accuracy of the solution by providing a better fit of the frequency response.
For the purposes of illustrating and validating our mode content analysis technique, we considered only a simple vertical monopole probe antenna used both for transmitting and sensing. This antenna excites and senses modes, which have a nonzero radial electric field. Other types of sensing antennas can be used as well. For example, a dipole antenna with circumferential arms that lie in the transversal plane would sense and excite modes with a circumferential electric field. Even more effective mode sensing and excitation characteristics can be obtained with a multielement antenna array, which responds well to many mode mixes.
In future HVAC communication systems, transmitting antennas may be complicated phase-fed arrays, whereas the user antennas may be simple monopoles or dipoles. Our mode content analysis technique would help to determine what modes are excited by such transmitting antennas and what the optimal mode mixes are that can be used for communicating with users.
The presented technique is not limited to straight waveguides, but requires negligible mode conversion, reflection, and scattering between the transmitting and receiving antennas (to minimize the variation of mode amplitudes with frequency) and ability to calculate coupling matrix elements.
VI. CONCLUSIONS
This paper has presented a novel mode content analysis technique that allows one to measure the mode content generated by an antenna radiating in a multimode waveguide. The ability to quickly analyze the excited mode mix is crucial to designing an antenna that not only efficiently radiates the energy into the waveguide, but also properly distributes this energy between the modes.
The presented mode analysis technique is based on using a single sensing antenna and performing measurements at different frequencies. The method works whenever the mode amplitudes excited by the transmitting antenna are weak functions of frequency. This is usually the case when there are no mode cutoff frequencies within or near the frequency range of interest.
Comparison of the mode content calculated analytically and extracted from experimental measurements confirm the validity of our technique. The main advantage of the presented method is its simplicity, which makes it very attractive for quick estimation of mode content generated by arbitrary transmitting antennas in such a multimode waveguide environment as an HVAC duct system. 
